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Abstract

We study the Burnside process for the action of Sn on the binary
hypercube {0, 1}n. We prove worst-case total variation cutoff and
identify a Gaussian limit profile.

1 Introduction

Jerrum introduced the Burnside process to sample orbits of a finite group
action nearly uniformly [16]. It implements Burnside’s lemma as a two-step
chain. If a finite group G acts on a finite set X, write

Gx := {g ∈ G : gx = x}, Xg := {y ∈ X : gy = y}.

From x, the chain chooses g uniformly from Gx, then chooses the next state
uniformly from Xg. Thus

P (x, y) =
1

|Gx|
∑︂

g∈Gx∩Gy

1

|Xg|
.

The chain is reversible with stationary measure π(x) = 1/(Z|Ox|), where Ox

is the orbit of x and Z is the number of orbits.
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We consider Xn = {0, 1}n under coordinate permutations by Sn. The
orbits are indexed by the number of ones, so for x ∈ Xn, we set |x| =

∑︁
i xi,

and

πn(x) =
1

(n+ 1)
(︁
n
|x|

)︁ .
One step has a useful cycle description: choose a uniform permutation that
preserves the zero and one coordinates of x, independently label each cycle
by a fair bit, and give every coordinate in that cycle its label.

For probability measures µ, ν on a finite set, write

∥µ− ν∥TV :=
1

2

∑︂
x∈X

|µ(x)− ν(x)|.

Let Pn be the transition kernel of the hypercube chain, and write (Xt) for
the chain. Define

dxn(t) := ∥P t
n(x, ·)− πn∥TV, dn(t) := max

x∈Xn

dxn(t).

Definition 1. Let (Xn, Pn, πn) be a sequence of finite irreducible Markov
chains. Let dn denote the corresponding worst-case total variation distance.
The sequence exhibits cutoff at time tn with window wn if wn = o(tn) and

lim
c→∞

lim inf
n→∞

dn
(︁
⌊tn − cwn⌋

)︁
= 1, lim

c→∞
lim sup
n→∞

dn
(︁
⌊tn + cwn⌋

)︁
= 0.

Our main theorem states that the Burnside process exhibits cutoff at
tn := logn

log 16
, with a window of order O(

√
log n). Moreover, we determine that

the limit profile is Gaussian.

Theorem 2. The Burnside process on {0, 1}n exhibits total variation cutoff
at time tn with window an. Moreover, for every u ∈ R,

lim
n→∞

dn
(︁
⌊tn + uan⌋

)︁
= 1− Φ(u),

where Φ is the standard normal distribution function and

an :=
π

4
√
6(log 2)3/2

√︁
log n.
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Jerrum proved that O(
√
n) steps suffice for total variation mixing for the

Burnside process on the hypercube, and Aldous improved this to O(log n)
[16, 1]. In contrast, Goldberg and Jerrum constructed permutation groups
for which Burnside-process mixing is exponential in the degree [13].

Diaconis studied the hypercube chain as the Bose–Einstein model of plac-
ing n indistinguishable balls in two boxes and proved that its lumped chain
mixes in a bounded number of steps, uniformly in n [4]. Diaconis and Zhong
used Hahn-polynomial diagonalization to obtain sharp bounds from special
states; from the all-zero state the distance after ℓ steps is of order 4−ℓ [8].
Diaconis, Lin, and Ram showed that arbitrary starts mix in total variation
in O(log n) steps, whereas most starts require order n/ log n in ℓ2 distance;
their diagonalization uses binomial-coefficient-valued eigenvectors [6]. Feng
and Paguyo studied a twisted Bose–Einstein chain arising from the twisted
Burnside process, proving mixing bounds with applications to sampling Cata-
lan structures [11]. We identify the worst-case total variation cutoff and its
Gaussian profile.

Beyond the hypercube, the process has been studied via auxiliary vari-
ables and for commuting chains, set partitions, partitions and contingency
tables, Pólya trees, orbit counting, lifted inference, flag varieties, and Sylow
double cosets; a dual process has also recently been developed [2, 21, 19, 5,
3, 9, 14, 7, 15, 10].

1.1 Proof strategy

This subsection outlines the two time scales in the proof and the coupling
mechanism that produces the cutoff profile.

Symmetry of the model means it suffices to analyse a two dimensional
Markov chain (Nt,Mt). The magnetization

Nt =
n∑︂

i=1

Xt(i),

is itself a Markov chain and mixes in O(1) steps. The second Mt counts
the coordinates equal to 1 in both Xt and the initial configuration. We will
study the centered overlap Kt = Mt −NtN0/n which mixes in time O(log n)
and determines the cutoff time. Conditional on the two selected totals in the
next step,

E[Kt+1 | Gt] = Kt(Zt − Z ′
t),
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where Gt is defined in Subsection 3.2 and Zt, Z
′
t in Section 4. Thus the drift

is governed by

Γt = K0

t−1∏︂
j=0

(Zj − Z ′
j).

The logarithms of these factors are asymptotically i.i.d. with negative mean.
Their central limit theorem determines when |Γt| reaches the

√
n-scale and

yields the Gaussian profile. Once two copies have centered overlaps of this
order, their one-step laws are built from nearby hypergeometric distributions.
At a positive fraction of bulk times these laws have overlap bounded away
from zero, so repeated maximal couplings give a geometric failure bound.

Probabilistic asymptotic notation. For deterministic bn > 0, Yn =
oP(bn) means Yn/bn → 0 in probability, while Yn = OP(bn) means that
(Yn/bn)n≥1 is tight. We reserve deterministic o(·) and O(·) for non-random
quantities.

1.2 The cutoff constants

The constants in the cutoff location and window come from the limiting
one-step contraction of the centered overlap. In the continuous model the
factor Zt − Z ′

t is replaced by R − R′; the mean and variance of log |R −
R′| determine the two cutoff scales. We now define R and compute these
constants explicitly.

Definition 3. Let

R =
∞∑︂
j=1

ηjξj, ξj = Uj

∏︂
i<j

(1− Ui),

where (Uj)j≥1 are i.i.d. uniform random variables on [0, 1], and (ηj)j≥1 are
i.i.d. Bernoulli(1/2) random variables, independent of the Uj’s. Let R

′ be an
independent copy of R, and set

λ := −E[log |R−R′|], σ2 := Var(log |R−R′|).

The cutoff scales satisfy tn = log n/(2λ) and an = (σ/λ)
√︁
log n/(2λ).
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The weights (ξj) have the GEM(1) law. Coloring them independently by
Bernoulli(1/2) labels gives the mass assigned to the atom 1 in the standard
Dirichlet-process paintbox [12, 22, 20], and hence

R ∼ Beta(1/2, 1/2).

Equivalently, R = (1 + cosΘ)/2 for Θ ∼ Unif[0, π]. For independent Θ,Θ′,
the identity log |R − R′| = log | cosΘ − cosΘ′| − log 2, together with the
Fourier series for log(2| sinx|), gives

E log |R−R′| = −2 log 2, Var(log |R−R′|) = π2

6
.

Thus λ = 2 log 2, σ2 = π2/6, and the displayed values of tn and an follow.

2 Mixing of the Magnetization Chain

This section proves that the magnetization mixes in a bounded number of
steps, uniformly in n. We write Pk for probabilities when the magnetization
chain starts from N0 = k.

Let ρ be uniform in Sm, label its cycles independently by fair bits, and
let Jm be the total size of the cycles labeled 1, with J0 = 0. Set

αm := Eρ∈Sm

[︁
2−#cyc(ρ)

]︁
, α0 := 1.

Then, for 0 ≤ q ≤ m,
P(Jm = q) = αqαm−q.

Indeed, for a fixed q-subset A, the probability that A is the selected set is(︁
m
q

)︁−1
αqαm−q; summing over A gives the formula. The cycle-index identity

and Stirling’s formula give

αm =
(1/2)(3/2) · · · (m− 1/2)

m!
=

(︁
2m
m

)︁
4m

≍ 1√
m+ 1

, m ≥ 1.

In particular, αm ≥ c0/
√
m+ 1 for a universal c0 > 0.

Lemma 4. There is a universal δ > 0 such that, for every k ∈ {0, . . . , n}
and every integer x ∈ [n/10, 2n/5],

Pk(N1 = x) ≥ δ

n
.
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Proof. Set m = k and m′ = n−k. The two level sets contribute independent
variables with laws Jm and Jm′ , so

Pk(N1 = x) =
∑︂
q∈Ix

P(Jm = q)P(Jm′ = x− q),

where
Ix := {q ∈ Z : 0 ≤ q ≤ m, 0 ≤ x− q ≤ m′}.

By the lower bound on α,

P(Jm = q) ≥ c20
m+ 1

, P(Jm′ = x− q) ≥ c20
m′ + 1

.

Writing s = min{m,m′}, a direct interval count gives

|Ix| = 1 +min{m,m′, x, n− x}.

For x ∈ [n/10, 2n/5], this is at least (s + 1)/5, while (m + 1)(m′ + 1) ≤
(n+ 1)(s+ 1). Hence

Pk(N1 = x) ≥ c40|Ix|
(m+ 1)(m′ + 1)

≥ c40
5(n+ 1)

≥ c40
10n

,

which proves the claim.

Lemma 5. Let

dN(t) := max
0≤k≤n

∥Pk(Nt ∈ ·)− Unif{0, . . . , n}∥TV .

Then
dN(t) ≤ e−cmagt,

for a universal cmag > 0.

Proof. Let

d(1) = max
0≤k,k′≤n

(︄
1−

n∑︂
z=0

Pk(N1 = z) ∧ Pk′(N1 = z)

)︄
.

For all sufficiently large n, the interval Z∩ [n/10, 2n/5] contains at least n/5
points, so Lemma 4 gives d(1) ≤ 1 − δ/5. For each of the finitely many
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remaining n, every one-step probability is positive. Taking the minimum
of their overlaps and δ/5 gives a universal δ′ > 0 such that d(1) ≤ 1 − δ′.
Dobrushin contraction, or Lemmas 4.10 and 4.11 of [18], now yields

dN(t) ≤ (1− δ′)t = e−cmagt, cmag := − log(1− δ′) > 0.

Corollary 6. Let B ⊆ {0, . . . , n}, let 0 ≤ t0 ≤ t be integers, and let cmag be
as in Lemma 5. Uniformly over the initial state,

P
(︁
∃j ∈ {t0, . . . , t} : Nj ∈ B

)︁
≤ (t− t0 + 1)|B|

n+ 1
+ e−cmagt0

ecmag

ecmag − 1
.

Proof. By the union bound,

P
(︁
∃j ∈ {t0, . . . , t} : Nj ∈ B

)︁
≤

t∑︂
j=t0

P(Nj ∈ B)

≤
t∑︂

j=t0

(︃
|B|
n+ 1

+ dN(j)

)︃

≤ (t− t0 + 1)|B|
n+ 1

+
t∑︂

j=t0

e−cmagj.

Evaluating the geometric series completes the proof.

Corollary 7. For every η ∈ (0, 1/2) and every ε > 0, there exists an integer
rη,ε ≥ 1, independent of n, such that from every starting state,

P
(︁
Nrη,ε ∈ [ηn, (1− η)n]

)︁
≥ 1− 2η − ε

for all sufficiently large n.

Proof. Under the stationary law of the magnetization chain, N is uniform
on {0, . . . , n}, and the mass outside [ηn, (1 − η)n] is at most 2η + O(n−1).
Choose rη,ε so large that e−cmagrη,ε ≤ ε/2. Lemma 5, followed by taking n
large enough, gives the claim.

On this event, restart from Xrη,ε and use it as the new reference configu-
ration. Then M0 = N0, and

K0 := N0

(︃
1− N0

n

)︃
≥ η(1− η)n.
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3 Dependence on the Initial Configuration

This section isolates the chain’s dependence on a fixed reference configura-
tion. We reduce the problem to a two-dimensional projection and derive the
centered-overlap recursion and its hypergeometric fluctuations.

Fix a reference configuration x0 ∈ Xn and set N0 :=
∑︁n

i=1 x0(i). All
quantities in this section are defined relative to x0.

3.1 Reduction to a two-dimensional chain

This subsection shows that the two overlap counts (Mt, St) retain exactly the
information needed to measure convergence to stationarity.

For x ∈ Xn, define

M(x) :=
n∑︂

i=1

x(i)x0(i), S(x) :=
n∑︂

i=1

(1− x(i))(1− x0(i)).

Thus M and S count common ones and common zeros, respectively. Set

Mt := M(Xt), St := S(Xt).

Since the number of ones of Xt on the zero coordinates of x0 is n−N0 − St,

Nt = Mt + n−N0 − St.

Lemma 8. Let (Xt) start from x0, and let π′
n be the law of (M,S) under πn.

Then (Mt, St) is Markov and⃦⃦
P t
n(x0, ·)− πn

⃦⃦
TV

=
⃦⃦
Px0

(︁
(Mt, St) ∈ ·

)︁
− π′

n

⃦⃦
TV

.

Proof. The same symmetry argument used below shows that the projected
process (Mt, St) is Markov: two configurations with the same values of (M,S)
differ by an element of the subgroup preserving x0, and the Burnside transi-
tion kernel is equivariant under this subgroup.

Since (Mt, St) is a projection of Xt,⃦⃦
P t
n(x0, ·)− πn

⃦⃦
TV

≥
⃦⃦
Px0

(︁
(Mt, St) ∈ ·

)︁
− π′

n

⃦⃦
TV

.

For the reverse inequality, define

Xm,s := {x ∈ Xn : (M(x), S(x)) = (m, s)}.
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Let H be the subgroup of coordinate permutations preserving the sets {i :
x0(i) = 1} and {i : x0(i) = 0}. The Burnside transition kernel is equivariant
under coordinate permutations, and every element of H fixes x0. Hence the
law of Xt, started from x0, is H-invariant. The group H acts transitively on
each nonempty Xm,s, so conditional on {(Mt, St) = (m, s)}, the law of Xt is
uniform on Xm,s.

The same is true for πn conditioned on {(M,S) = (m, s)}, because πn(x)
depends only on |x|, which is constant on Xm,s. Moreover,

|Xm,s| =
(︃
N0

m

)︃(︃
n−N0

s

)︃
.

Therefore, for each x ∈ Xn,

|P t
n(x0, x)− πn(x)| =

⃓⃓⃓⃓
⃓⃓⃓ ∑︂

m,s:
Xm,s ̸=∅

1Xm,s(x)(︁
N0

m

)︁(︁
n−N0

s

)︁ (Px0((Mt, St) = (m, s))− π′
n(m, s))

⃓⃓⃓⃓
⃓⃓⃓

≤
∑︂
m,s:

Xm,s ̸=∅

1Xm,s(x)(︁
N0

m

)︁(︁
n−N0

s

)︁ |Px0((Mt, St) = (m, s))− π′
n(m, s)| .

Summing over x ∈ Xn gives the reverse inequality and completes the proof.

3.2 A centered overlap variable

This subsection introduces the centered overlap Kt and derives its exact one-
step conditional drift.

Definition 9.

Kt := Mt −
NtN0

n
.

This measures the deviation of the overlap with x0 from its natural mean
under uniform sampling with fixed magnetization.

For the step from t to t+ 1, let

E
(1)
t := {i : Xt(i) = Xt+1(i) = 1}, E

(0)
t := {i : Xt(i) = 0, Xt+1(i) = 1},
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and define the selected totals

Qt+1 := |E(1)
t |, Λt+1 := |E(0)

t |.
Then Nt+1 = Qt+1 + Λt+1. Define

Ft := σ(X0, . . . , Xt), Gt := σ(Ft, Qt+1,Λt+1) .

Thus Gt reveals the history through time t and the two selected totals. We
set Qt+1/Nt = 0 when Nt = 0, and Λt+1/(n−Nt) = 0 when Nt = n.

Lemma 10. Conditional on Gt, the sets E
(1)
t and E

(0)
t are independent and

uniform among, respectively, the Qt+1-subsets of {i : Xt(i) = 1} and the
Λt+1-subsets of {i : Xt(i) = 0}. Consequently,

E

⎡⎣ ∑︂
i∈E(1)

t

x0(i)

⃓⃓⃓⃓
⃓⃓Gt

⎤⎦ =
MtQt+1

Nt

, E

⎡⎣ ∑︂
i∈E(0)

t

x0(i)

⃓⃓⃓⃓
⃓⃓Gt

⎤⎦ =
(N0 −Mt)Λt+1

n−Nt

,

with the boundary convention stated above.

Proof. Conditional on Ft, the two level sets use independent randomness,
and each selected set has a law invariant under every permutation of its
level set. Conditioning on the two cardinalities preserves independence and
invariance. Since the symmetric group acts transitively on subsets of a fixed
size, the two conditional laws are uniform. Each site in the first level set
is therefore selected with probability Qt+1/Nt, and exactly Mt of those sites
satisfy x0(i) = 1. This gives the first expectation; the second is identical.
The boundary cases follow from the stated convention.

Corollary 11. We have

E[Kt+1 | Gt] = Kt

(︃
Qt+1

Nt

− Λt+1

n−Nt

)︃
.

Proof. Since Nt+1 = Qt+1 + Λt+1,

Kt+1 =
∑︂
i∈E(1)

t

x0(i) +
∑︂
i∈E(0)

t

x0(i)−
(Qt+1 + Λt+1)N0

n
.

Taking conditional expectation and applying Lemma 10 gives

E[Kt+1 | Gt] =
MtQt+1

Nt

+
(N0 −Mt)Λt+1

n−Nt

− (Qt+1 + Λt+1)N0

n
.

Substituting Mt = Kt + NtN0/n gives the result, including the boundary
cases under our convention.
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3.3 A hypergeometric decomposition

This subsection describes the one-step fluctuations of the overlap as a sum
of two independent hypergeometric variables.

Write Hyp(N,m, r) for the law of the number of marked items in a uni-
form r-subset of a population of size N containing m marked items. Decom-
pose the next overlap according to the two current level sets:

M
(1)
t+1 :=

n∑︂
i=1

Xt+1(i)Xt(i)x0(i), M
(0)
t+1 :=

n∑︂
i=1

Xt+1(i)(1−Xt(i))x0(i).

Then
Mt+1 = M

(1)
t+1 +M

(0)
t+1.

Conditional on Gt, Lemma 10 gives independent laws

M
(1)
t+1 | Gt ∼ Hyp(Nt,Mt, Qt+1), M

(0)
t+1 | Gt ∼ Hyp(n−Nt, N0 −Mt,Λt+1).

Empty populations give the point mass at zero. In particular,

E[M (1)
t+1 | Gt] =

MtQt+1

Nt

, E[M (0)
t+1 | Gt] =

(N0 −Mt)Λt+1

n−Nt

.

With the same boundary convention, the Hoeffding–Serfling inequality and
the fact that both sample sizes are at most n give, for b ∈ {0, 1} and a > 0,

P
(︂⃓⃓⃓
M

(b)
t+1 − E[M (b)

t+1 | Gt]
⃓⃓⃓
≥ a

√
n
⃓⃓⃓
Gt

)︂
≤ 2e−2a2 .

Corollary 12. For every a > 0,

P
(︁
|Kt+1 − E[Kt+1 | Gt]| ≥ 2a

√
n
⃓⃓
Gt

)︁
≤ 4e−2a2 .

Proof. The term Nt+1N0/n is Gt-measurable. Thus the centered fluctuation
of Kt+1 is the sum of the two centered fluctuations above, and the result
follows by a union bound.

4 Studying the Conditional Expectation

This section compares the difference of selected fractions in Corollary 11
with the stick-breaking factor R − R′ from Definition 3. We first establish
estimates for the continuous model, then couple it to the discrete factors and
transfer the resulting logarithmic barriers.
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4.1 The continuous stick-breaking model

This subsection records tail and small-ball estimates for the limiting stick-
breaking variables used in the discrete comparison. We use the variables (ξj)
and R from Definition 3. Then

∑︁
j≥1 ξj = 1 almost surely.

Lemma 13. For every j ≥ 1,

1. P
(︁
ξj < 2−10j

)︁
≤ 2−4j,

2. P
(︁
ξj > e−j/2

)︁
≤ e−γj, where γ := log(3/2)− 1/4 > 0,

3. E[ξj] = 2−j.

Proof. Because Uj, 1− U1, . . . , 1− Uj−1 are independent uniforms,

ξj = Uj

j−1∏︂
i=1

(1− Ui)
d
=

j∏︂
i=1

Ui,

so

− log ξj
d
= Sj :=

j∑︂
i=1

log(1/Ui).

The summands in Sj are i.i.d. exponential random variables of mean one.
Since E[eSj/2] = 2j and E[e−Sj/2] = (2/3)j, Markov’s inequality gives

P(ξj < 2−10j) ≤ 2−5jE[eSj/2] = 2−4j,

and

P(ξj > e−j/2) ≤ ej/4E[e−Sj/2] = e−γj.

Finally, independence gives

E[ξj] =
j∏︂

i=1

E[Ui] = 2−j.
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Lemma 14. Let m = ⌊(logN)2⌋ for N ≥ 2. Then

P

(︄
m∑︂
j=1

ξj ≤ 1− 1

N

)︄
≤ N 2−m.

In particular,

P

⎛⎝⌊(logN)2⌋∑︂
j=1

ξj ≤ 1− 1

N

⎞⎠ ≤ 2N exp
(︁
−(log 2)(logN)2

)︁
.

Proof. For Tm :=
∑︁

j>m ξj, Lemma 13 gives

E[Tm] =
∑︂
j>m

E[ξj] = 2−m,

so Markov’s inequality gives P(Tm ≥ N−1) ≤ N2−m. The second bound
follows from 2−⌊y⌋ ≤ 2e−(log 2)y.

Lemma 15. There exists a universal constant C > 0 such that

P(R < x) ≤ Cx1/10, 0 < x ≤ 1.

Proof. By the arcsine identification in Subsection 1.2,

R ∼ Beta(1/2, 1/2), fR(r) =
1

π
√︁
r(1− r)

1(0,1)(r).

For 0 < x ≤ 1/2,

P(R < x) ≤ C

∫︂ x

0

r−1/2 dr ≤ Cx1/2 ≤ Cx1/10.

The remaining values of x are covered by increasing C.

Lemma 16. Let R′ be an independent copy of R. Then there exists a constant
C > 0 such that

P
(︁
|R−R′| < x

)︁
≤ Cx1/20, 0 < x ≤ 1.

In particular,
E
[︁
| log |R−R′||2

]︁
< ∞.
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Proof. It is enough to consider 0 < x ≤ 1/4, since the bound is trivial for

larger x. Set δ = x1/2. By Lemma 15 and the symmetry R
d
= 1−R,

P(R /∈ [δ, 1− δ]) ≤ Cδ1/10 = Cx1/20.

On the event R ∈ [δ, 1−δ], the interval [R−x,R+x]∩[0, 1] lies in [δ/2, 1−δ/2].
The arcsine density is bounded by Cδ−1/2 on this interval, and therefore

P
(︁
|R−R′| < x | R

)︁
≤ Cxδ−1/2 = Cx3/4.

Combining the two estimates gives

P
(︁
|R−R′| < x

)︁
≤ Cx1/20.

Thus P(− log |R − R′| > u) ≤ Ce−u/20; integrating this tail proves the final
assertion.

4.2 Products in the continuous model

This subsection establishes laws of large numbers and barrier estimates for
products of the limiting contraction factors. Let (Rj, R

′
j)j≥0 be i.i.d. copies

of (R,R′), and set

Yj := log |Rj −R′
j|, ˜︁Li,t := Yt−i, 0 ≤ i ≤ t.

Lemma 17. We have

1

t

t−1∑︂
j=0

log |Rj −R′
j| −→ −2 log 2 almost surely as t → ∞.

Proof. Lemma 16 gives integrability, while Subsection 1.2 gives the mean.
The statement follows from the strong law of large numbers.

For a ∈ (0, 2 log 2), define

Ma := sup
k≥0

(︄
ak +

k∑︂
i=0

Yi

)︄
.

For w > 0, also define

Et,w(a) :=
t⋂︂

k=0

{︄
k∑︂

i=0

˜︁Li,t ≤ logw − ak

}︄
.
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Lemma 18. Fix a ∈ (0, 2 log 2). Then Ma < ∞ almost surely. Moreover,
for every ε > 0, there exists w0 = w0(a, ε) such that

P(Et,w(a)) ≥ 1− ε for all t ≥ 1 and w ≥ w0.

Proof. By Lemma 17,

1

k

(︄
ak +

k∑︂
i=0

Yi

)︄
−→ a− 2 log 2 < 0 almost surely.

Consequently, ak +
k∑︂

i=0

Yi → −∞ almost surely. In particular, the sequence

is bounded above, so Ma < ∞ almost surely.
The reversed vector (Yt, . . . , Y0) has the same law as (Y0, . . . , Yt). Hence,

for every t,
P(Et,w(a)) ≥ P(Ma ≤ logw).

Since Ma < ∞ almost surely, the right-hand side is at least 1 − ε once w is
sufficiently large.

For the rest of the paper, set

mn := ⌈log log n⌉.

For a ∈ (0, 2 log 2), t ≥ mn, and w ≥ 1, define

E−
t,w(a) :=

t⋂︂
k=mn

{︄
k∑︂

i=0

˜︁Li,t ≤ logw − ak

}︄
.

Corollary 19. Fix a ∈ (0, 2 log 2). Uniformly for t ≥ mn and w ≥ 1,

P(E−
t,w(a)) = 1− o(1).

Proof. Define

Ta := inf

{︄
m ≥ 0 :

k∑︂
i=0

Yi ≤ −ak for every k ≥ m

}︄
.

By the strong law,

ak +
k∑︂

i=0

Yi −→ −∞ almost surely,
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so Ta < ∞ almost surely. For every t ≥ mn, reversal invariance of (Y0, . . . , Yt)
gives

P(E−
t,1(a)) = P

(︄
k∑︂

i=0

Yi ≤ −ak for every mn ≤ k ≤ t

)︄
≥ P(Ta ≤ mn).

Since mn → ∞ and Ta < ∞ almost surely, the last probability tends to
one. This lower bound is independent of t, so the convergence is uniform
for t ≥ mn. Finally, E−

t,w(a) is increasing in w, which gives the asserted
uniformity for all w ≥ 1.

4.3 The discrete model

This subsection couples the selected fractions in the finite chain to their
continuous stick-breaking limits.

We work on 1 ≤ Nt ≤ n − 1; later, the magnetization estimates control
the excluded boundary events. By Corollary 11,

E[Kt+1 | Gt] = Kt(Zt − Z ′
t),

where

Zt :=
Qt+1

Nt

=
∑︂
j≥1

ζtj
|Ct

j|
Nt

, and Z ′
t :=

Λt+1

n−Nt

=
∑︂
j≥1

(ζtj)
′ |(C

t
j)

′|
n−Nt

,

with the same boundary convention as above. Here the cycles Ct
j are the

cycles of the permutation acting on the 1-coordinates at time t, and (Ct
j)

′

are the cycles of the 0-coordinates; ζtj and (ζtj)
′ are their respective labels.

Define the corresponding linear drift term by

Γt := K0

t−1∏︂
j=0

(Zj − Z ′
j). (1)

Conditional on Nt = N , order the cycles by repeatedly exposing the cycle
containing the least unused coordinate. Let

Dt,0 := N, Dt,ℓ := Dt,ℓ−1 − Ut,ℓ,
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where, given Dt,ℓ−1, the random variable Ut,ℓ is uniform on {1, . . . , Dt,ℓ−1} if
Dt,ℓ−1 > 0, and Ut,ℓ = 0 if Dt,ℓ−1 = 0. Set

Vt,ℓ :=
Ut,ℓ

Dt,ℓ−1

if Dt,ℓ−1 > 0, Vt,ℓ := 0 if Dt,ℓ−1 = 0.

Then
Dt,ℓ = Dt,ℓ−1(1− Vt,ℓ),

and

|Ct
ℓ| = Ut,ℓ,

|Ct
ℓ|

Nt

=
Dt,ℓ−1Vt,ℓ

Nt

.

Lemma 20. For every ℓ ≥ 0,

E[Dt,ℓ | Nt] ≤ 2−ℓNt.

Proof. The claim is immediate if Dt,ℓ−1 = 0. Otherwise,

E[Ut,ℓ | Dt,ℓ−1] =
Dt,ℓ−1 + 1

2
.

Hence

E[Dt,ℓ | Dt,ℓ−1] = Dt,ℓ−1 −
Dt,ℓ−1 + 1

2
≤ Dt,ℓ−1

2
.

Iteration proves the claim.

For m ≥ 1 and Nt > 0, define

Z
(m)
t :=

1

Nt

m∑︂
ℓ=1

ζtℓ Dt,ℓ−1Vt,ℓ.

Lemma 21. Let mN = max{1, ⌊(logN)2⌋}. Then, conditional on Nt = N ,

P
(︃
Zt − Z

(mN )
t ≥ 1

N

⃓⃓⃓⃓
Nt = N

)︃
≤ N 2−mN .

Proof. After mN cycles, Dt,mN
coordinates remain. Hence

0 ≤ Zt − Z
(mN )
t ≤ Dt,mN

N
.

The claim follows from Markov’s inequality and Lemma 20.
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We next couple the discrete stick-breaking variables with their continuous
analogues.

Let (Wt,ℓ)ℓ≥1 be i.i.d. uniform random variables on [0, 1], coupled so that

Vt,ℓ =
⌈Wt,ℓDt,ℓ−1⌉

Dt,ℓ−1

if Dt,ℓ−1 > 0, Vt,ℓ = 0 if Dt,ℓ−1 = 0.

When Dt,ℓ−1 > 0,

Wt,ℓ ≤ Vt,ℓ ≤ Wt,ℓ +
1

Dt,ℓ−1

. (2)

Define

˜︁Dt,ℓ := Nt

ℓ∏︂
r=1

(1−Wt,r), ˜︁Z(m)
t :=

1

Nt

m∑︂
ℓ=1

ζtℓ ˜︁Dt,ℓ−1Wt,ℓ.

Lemma 22. For every ℓ ≥ 0,˜︁Dt,ℓ − ℓ ≤ Dt,ℓ ≤ ˜︁Dt,ℓ.

Consequently, ⃓⃓⃓ ˜︁Dt,ℓ−1Wt,ℓ −Dt,ℓ−1Vt,ℓ

⃓⃓⃓
≤ ℓ,

and therefore for every m ≥ 1,

|Z(m)
t − ˜︁Z(m)

t | ≤ 1

Nt

m∑︂
ℓ=1

ℓ ≤ m(m+ 1)

2Nt

.

In particular, for m = ⌊(log n)2⌋,

|Z(m)
t − ˜︁Z(m)

t | ≤ log4 n

Nt

.

Proof. Almost surely,

Dt,ℓ =
⌊︁
(1−Wt,ℓ)Dt,ℓ−1

⌋︁
.

The first bounds follow by induction, using x − 1 ≤ ⌊x⌋ ≤ x. If Dt,ℓ−1 = 0,

the induction hypothesis gives ˜︁Dt,ℓ−1 ≤ ℓ − 1, which also proves the second
bound below. Otherwise, (2) and the first bounds give⃓⃓⃓ ˜︁Dt,ℓ−1Wt,ℓ −Dt,ℓ−1Vt,ℓ

⃓⃓⃓
≤ Wt,ℓ| ˜︁Dt,ℓ−1 −Dt,ℓ−1|+Dt,ℓ−1|Wt,ℓ − Vt,ℓ|

≤ (ℓ− 1) + 1 = ℓ.

Summing proves the remaining assertions.
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Realize the variables Rt from Subsection 4.2 in this coupling by

Rt :=
∞∑︂
ℓ=1

ζtℓ Wt,ℓ

∏︂
r<ℓ

(1−Wt,r), R
(m)
t :=

m∑︂
ℓ=1

ζtℓ Wt,ℓ

∏︂
r<ℓ

(1−Wt,r).

Extend each label sequence by fresh fair coins and take all W -arrays, label
sequences, and primed copies independent across times and level sets. Then
(Rt, R

′
t) are i.i.d. copies of (R,R′), and R

(m)
t has the same law as

∑︁m
ℓ=1 ηℓξℓ.

For M ≥ 1, set

ϵM :=
log4M + 2

M
.

Lemma 23. There exists a universal constant C > 0 such that the following
holds. Let mN = max{1, ⌊(logN)2⌋}. Conditional on Nt = N ,

P(|Zt −Rt| > ϵN | Nt = N) ≤ CN exp
(︁
−(log 2)(logN)2

)︁
.

Proof. Let m = mN . Except on an event of probability at most 2N2−m,
Lemmas 21 and 14 give

Zt − Z
(m)
t ≤ N−1, Rt −R

(m)
t ≤ N−1.

Also ˜︁Z(m)
t = R

(m)
t , and Lemma 22 gives

|Z(m)
t −R

(m)
t | ≤ m(m+ 1)

2N
.

For N ≥ 3, the sum of these three errors is at most ϵN . Since 2−m ≤
2 exp{−(log 2)(logN)2}, the result follows; the cases N = 1, 2 are absorbed
by increasing C.

We now deduce a small-ball bound for the discrete factors.

Lemma 24. There exists a universal constant C > 0 such that for every
N ∈ {1, . . . , n− 1} and every x > 0,

P(|Zt − Z ′
t| < x |Nt = N) ≤ C

(︃
x+

log4N + 2

N
+

log4(n−N) + 2

n−N

)︃1/20

+ CN exp
(︁
−(log 2)(logN)2

)︁
+ C(n−N) exp

(︁
−(log 2)(log(n−N))2

)︁
.
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Proof. Use Lemma 23 to couple Zt, Z
′
t to the independent variables Rt, R

′
t.

Outside the two coupling failures,

|Zt − Z ′
t| < x =⇒ |Rt −R′

t| < x+ ϵN + ϵn−N .

Lemmas 16 and 23 now give the claim, with the trivial bound used if the
argument of the small-ball estimate exceeds one.

4.4 Comparison of logarithmic sums

This subsection transfers the continuous logarithmic estimates to the discrete
contraction factors over the time intervals used later.

Definition 25. For 0 ≤ j ≤ t, let

Hj := {
√
n ≤ Nj ≤ n−

√
n}, Ht,i :=

t⋂︂
j=i

Hj.

Also set
Li,t := log |Zt−i − Z ′

t−i|, 0 ≤ i ≤ t,

with log 0 = −∞.

On Ht,i, both denominators in Lemma 24 are at least
√
n.

Lemma 26. Let log log n ≤ i < t ≤ (log n)2. Define

∆i,t := max
0≤k≤t−i

⃓⃓⃓⃓
⃓

k∑︂
r=0

(Lr,t − ˜︁Lr,t)

⃓⃓⃓⃓
⃓ .

If a summand is infinite, set ∆i,t = +∞. Then for all sufficiently large n,

P
(︁
∆i,t > 3(log n)−2

)︁
≤ 3C(t− i+ 1)

(︃
n−1/5 +

4 log4 n√
n

)︃1/20

+ Cn(t− i+ 1) exp

(︃
− log 2

4
(log n)2

)︃
+

3(t− i+ 1)√
n

+ e−cmagi
ecmag

ecmag − 1
.

In particular, if log log n ≤ i < t ≤ (log n)2, then

∆i,t = oP(1).
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Proof. For each j ∈ [i, t], on Hj both level-set sizes lie in [
√
n, n]. In partic-

ular, ϵNj
∨ ϵn−Nj

≤ 2 log4 n/
√
n for large n. Thus Lemma 24 gives, for every

u > 0,

P
(︁
|Zj − Z ′

j| < u,Hj

)︁
≤ 3C

(︃
u+

4 log4 n√
n

)︃1/20

+ Cn exp

(︃
− log 2

4
(log n)2

)︃
.

Define

Ct,i :=
t⋂︂

j=i

{|Zj − Z ′
j| > n−1/5}.

Let

cn :=
2 log4 n√

n

and define

Bt,i :=
t⋂︂

j=i

{|Zj −Rj| ≤ cn, |Z ′
j −R′

j| ≤ cn}.

The preceding estimate, Lemma 23, and a union bound control Cc
t,i∩Ht,i and

Bc
t,i ∩ Ht,i by the first two terms in the stated bound. Corollary 6, applied

to the two boundary intervals of total size at most 3
√
n, controls Hc

t,i by the
last two terms.

On Ht,i ∩ Ct,i ∩ Bt,i, for every j ∈ [i, t],⃓⃓
|Rj −R′

j| − |Zj − Z ′
j|
⃓⃓
≤ 2cn,

and since |Zj − Z ′
j| > n−1/5,⃓⃓⃓⃓

|Rj −R′
j|

|Zj − Z ′
j|

− 1

⃓⃓⃓⃓
≤ 4n−3/10 log4 n.

For large n, this is at most (log n)−4, so⃓⃓⃓⃓
log

|Rj −R′
j|

|Zj − Z ′
j|

⃓⃓⃓⃓
≤ 2(log n)−4.

Consequently,
∆i,t ≤ 2(t− i+ 1)(log n)−4.
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If t− i+ 1 ≤ (log n)2, then

∆i,t ≤ 2(log n)−2.

Combining this deterministic estimate with the three exceptional-event bounds
proves the display. Its right-hand side tends to zero uniformly over the stated
range of i, t, proving the final assertion.

For the limit profile computations, we also need a forward version of this
comparison after the initial burn-in.

Lemma 27. Fix C > 0, and let

θn := ⌊C log n⌋.

Then, uniformly over the initial state,

max
mn≤s≤θn

⃓⃓⃓⃓
⃓

s−1∑︂
j=mn

log |Zj − Z ′
j| −

s−1∑︂
j=mn

log |Rj −R′
j|

⃓⃓⃓⃓
⃓ = oP(1).

Proof. Define the logarithmic comparison error

Errj := log |Zj − Z ′
j| − log |Rj −R′

j|.

For large n, Lemma 26, applied with i = mn and t = θn − 1, gives
∆mn,θn−1 = oP(1). On the event that this quantity is finite, reversing the
order of summation yields

max
mn≤q≤θn−1

⃓⃓⃓⃓
⃓
θn−1∑︂
j=q

Errj

⃓⃓⃓⃓
⃓ = oP(1).

For mn ≤ s ≤ θn,

s−1∑︂
j=mn

Errj =
θn−1∑︂
j=mn

Errj −
θn−1∑︂
j=s

Errj,

with an empty second sum when s = θn. Therefore

max
mn≤s≤θn

⃓⃓⃓⃓
⃓

s−1∑︂
j=mn

Errj

⃓⃓⃓⃓
⃓ ≤ 2 max

mn≤q≤θn−1

⃓⃓⃓⃓
⃓
θn−1∑︂
j=q

Errj

⃓⃓⃓⃓
⃓ = oP(1),

as required.
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Definition 28. For a > 0, t ≥ mn, and w ≥ 1, set

D−
t,w(a) :=

{︄
max

mn≤k≤t

(︄
ak +

k∑︂
i=0

Li,t

)︄
≤ logw

}︄
,

Jt,w(a) :=

{︄
max

1≤k≤mn

(︄
ak +

k∑︂
i=0

Li,t

)︄
≤ logw

}︄
, It,w(a) := D−

t,w(a)∩Jt,w(a).

Lemma 29. Fix c ∈ (0, log 2). If

2mn ≤ t ≤ (log n)2,

then, for every w ≥ 1 and all sufficiently large n,

P(D−
t,w(c)) = 1− o(1).

Proof. Choose c⋆ so that
2c < c⋆ < 2 log 2.

Set

∆t := max
0≤k≤t−mn

⃓⃓⃓⃓
⃓

k∑︂
i=0

(Li,t − ˜︁Li,t)

⃓⃓⃓⃓
⃓ .

Let
Ωn := E−

t,1(c⋆) ∩ {∆t ≤ 3(log n)−2}.
Corollary 19 and Lemma 26, applied with i = mn, give

P(Ωn) = 1− o(1).

On Ωn, for mn ≤ k ≤ t−mn,

k∑︂
i=0

Li,t ≤
k∑︂

i=0

˜︁Li,t + 3(log n)−2 ≤ −c⋆k + 3(log n)−2.

For large n, this is at most −ck.
If t − mn < k ≤ t, all logarithmic increments are non-positive because

|Zj − Z ′
j| ≤ 1. Hence

k∑︂
i=0

Li,t ≤
t−mn∑︂
i=0

Li,t ≤ −c⋆(t−mn) + 3(log n)−2.
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Because t ≥ 2mn and c⋆ > 2c,

c⋆(t−mn)− ck ≥ (c⋆/2− c)t −→ ∞.

Thus D−
t,1(c) holds on Ωn for large n. Monotonicity in w proves the claim.

Corollary 30. Fix c ∈ (0, log 2). Then

sup
w≥1

sup
2mn≤t≤(logn)2

P
(︁
D−

t,w(c)
c
)︁
= o(1).

Proof. Corollary 19 is uniform in t, and the explicit bound in Lemma 26 is
uniform when i = mn and t ≤ (log n)2. Hence the two exceptional prob-
abilities in the preceding proof are uniform in the displayed range. The
deterministic argument there is also uniform, and monotonicity reduces the
supremum over w to w = 1.

For the remainder of the paper, keep c ∈ (0, log 2) fixed.

Lemma 31. Fix c ∈ (0, log 2) and ε > 0. Assume that

2mn ≤ t ≤ (log n)2.

Then there exists w0 = w0(c, ε) > 0 such that, for every w ≥ w0,

P(Jt,w(c)) ≥ 1− ε

for all sufficiently large n.

Proof. By Lemma 18, Mc < ∞ almost surely. Choose A = A(c, ε) so that

P(Mc ≤ A) ≥ 1− ε

2
.

By reversal invariance,

P

(︄
max

1≤k≤mn

(︄
ck +

k∑︂
i=0

˜︁Li,t

)︄
≤ A

)︄
≥ 1− ε

2
.

Lemma 26, applied with i = t−mn, gives

∆t−mn,t = oP(1).
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Thus, for all sufficiently large n, uniformly over the stated range of t,

P (∆t−mn,t ≤ 1) ≥ 1− ε

2
.

On the intersection of these two events, for every 1 ≤ k ≤ mn,

ck +
k∑︂

i=0

Li,t ≤ ck +
k∑︂

i=0

˜︁Li,t +

⃓⃓⃓⃓
⃓

k∑︂
i=0

(Li,t − ˜︁Li,t)

⃓⃓⃓⃓
⃓ ≤ A+ 1.

Taking w0 = eA+1, this implies Jt,w(c) for every w ≥ w0, and the union
bound completes the proof.

Lemma 32. Fix c ∈ (0, log 2) and ε ∈ (0, 1/2), and let M := ⌊(log log n)2⌋.
Assume

2mn ≤ t and t+M ≤ (log n)2.

There exists w0 = w0(c, ε) > 0 such that, for every w ≥ w0,

P

(︄
1

M

t+M∑︂
s=t

1Js,w(c) ≥ 1− 2ε

)︄
= 1− o(1).

Proof. Define the continuous analogue

J cont
s,w (c) :=

{︄
max

1≤k≤mn

(︄
ck +

k∑︂
i=0

˜︁Li,s

)︄
≤ logw

}︄
.

Choose w1 = w1(c, ε) ≥ 1 so that P(Mc ≤ logw1) ≥ 1 − ε/2. Reversal
invariance gives

P(J cont
s,w1

(c)) ≥ 1− ε

2

for every s. If w ≥ ew1, then J cont
s,w/e(c) has probability at least 1− ε/2.

These events are independent when |s − s′| > mn, because they depend
on disjoint sets of the i.i.d. increments (Yj). Hence

Var

(︄
t+M∑︂
s=t

1J cont
s,w/e

(c)

)︄
≤ CMmn = o(M2).

Chebyshev’s inequality gives

P

(︄
t+M∑︂
s=t

1J cont
s,w/e

(c) < (1− ε)M

)︄
= o(1).
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The explicit bound in Lemma 26, summed over s ∈ [t, t + M ] with i =
s−mn, gives

P
(︃

max
t≤s≤t+M

∆s−mn,s > 1

)︃
= o(1).

Here s ≤ t+M ≤ (log n)2 and M = O((log log n)2). On the complementary
event,

J cont
s,w/e(c) ⊆ Js,w(c) for every s ∈ [t, t+M ].

Consequently, after enlarging w0 so that w0 ≥ ew1,

P

(︄
1

M

t+M∑︂
s=t

1Js,w(c) ≥ 1− 2ε

)︄
= 1− o(1),

which proves the claim.

The long- and short-barrier estimates give the following consequence.

Corollary 33. Fix c ∈ (0, log 2), and let M := ⌊(log log n)2⌋. There exists
w0 = w0(c) > 0 such that, for every w ≥ w0 and every integer r satisfying

2mn ≤ r and r +M ≤ (log n)2,

we have

P

(︄
r+M∑︂
s=r

1Is,w(c) ≥
4

5
M

)︄
= 1− o(1).

The o(1) is uniform over the initial state, w ≥ w0, and all admissible r.

Proof. Apply Lemma 32 with ε = 1/20, and let w0 be the resulting constant.
Fix w ≥ w0.

With probability 1− o(1),

r+M∑︂
s=r

1Js,w(c) ≥
9

10
M.

By Corollary 30,
sup

r≤s≤r+M
P(D−

s,w(c)
c) = o(1).

Consequently, if

F :=
r+M∑︂
s=r

1D−
s,w(c)c ,
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then EF = o(M), and Markov’s inequality gives P(F > M/10) = o(1). Since

r+M∑︂
s=r

1Is,w(c) ≥
r+M∑︂
s=r

1Js,w(c) − F,

the claimed 4M/5 bound follows.

5 The Coupling

This section decomposes the centered overlap into the linear drift Γt and
accumulated one-step fluctuations. We then identify the time at which the
drift reaches the

√
n-scale and transfer its Gaussian hitting-time asymptotic

to the discrete chain.

Definition 34. For t ≥ 1, define the centered one-step fluctuation

At := Kt − E[Kt | Gt−1],

and, for 0 ≤ j ≤ t, set

Bj,t :=
t−1∏︂
r=j

(Zr − Z ′
r),

where an empty product equals one. Thus Bt,t = 1 and K0B0,t = Γt.

BecauseQt and Λt are Ft-measurable, Gt−1 ⊆ Gt; hence (At) is a martingale-
difference sequence for (Gt).

Corollary 11 gives

Kt = (Zt−1 − Z ′
t−1)Kt−1 + At.

Lemma 35. For every t ≥ 1,

Kt = K0B0,t +
t∑︂

j=1

AjBj,t.

Proof. Iterate the preceding recursion.

The product barriers from Section 4 control the coefficients in this de-
composition. Whenever It−1,w(c) is defined, for 0 ≤ j ≤ t and w ≥ 1,

It−1,w(c) =⇒ |Bj,t| ≤ ecwe−c(t−j).

Indeed, for j ≤ t − 2, take k = t − 1 − j in the definition of It−1,w(c); the
cases j = t− 1, t follow from |Zt−1 − Z ′

t−1| ≤ 1 and Bt,t = 1.
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5.1 The
√
n-scale

Lemma 35 reduces the entrance problem to the decay of the linear drift and
the accumulated fluctuations. We first locate the entrance time of the linear
drift.

The increments Yj from Subsection 4.2 satisfy

µ := E[Y0] = −λ = −2 log 2, Var(Y0) = σ2 =
π2

6
.

Thus an ≍
√
log n and an = o(tn).

Definition 36. For fixed w > 0, let

τw := inf

{︄
t ∈ Z≥0 : |K0|

t−1∏︂
j=0

|Rj −R′
j| ≤ w

√
n

}︄
,

ˆ︁τw := inf
{︁
t ∈ Z≥0 : |Γt| ≤ w

√
n
}︁
.

Lemma 37. Fix 0 < c− ≤ c+ < ∞ and w > 0. For every u ∈ R and every
deterministic sequence un → u, uniformly over deterministic K0 satisfying
c−n ≤ |K0| ≤ c+n,

P (τw > ⌊tn + unan⌋) −→ P(G > u),

where G ∼ N(0, 1).

Proof. Let

t = ⌊tn + unan⌋, Σt :=
t−1∑︂
j=0

Yj, bn := − log
|K0|
w
√
n
.

Since Yj ≤ 0, the continuous product is nonincreasing and, for all large n,
{τw > t} = {Σt > bn}. Uniformly over the stated values of K0,

bn = −1

2
log n+O(1), EΣt = −λt,

and hence, using λan = σ
√
tn,

bn − EΣt

σ
√
t

= u+ o(1).

The central limit theorem for Σt now proves the claim. The bounded O(1)
term above also makes the convergence uniform in K0.
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Section 4 compares the discrete and continuous logarithmic products from
time mn onward; the next lemma controls the preceding times.

Let ρM be uniform in SM , write its cycles as C1, . . . , CLM
, and let ζ1, . . . , ζLM

be independent Bernoulli(1/2) variables, independent of ρM . Define the se-
lected fraction

VM :=
1

M

LM∑︂
ℓ=1

ζℓ|Cℓ|.

Lemma 38. Uniformly for M ≥ n/2 and 0 < x ≤ 1,

P(VM < x) ∨ P(VM > 1− x) ≤ C

(︃
x+

log4M + 2

M

)︃1/10

+ CM exp
(︁
−(log 2)(logM)2

)︁
.

Proof. The law of VM is that of Zt conditional on Nt = M . Lemma 23
couples VM to R so that

P(|VM −R| > ϵM) ≤ CM exp
(︁
−(log 2)(logM)2

)︁
.

On the complement of this coupling failure, VM < x implies R < x + ϵM .
Lemma 15 therefore gives

P(VM < x) ≤ C(x+ ϵM)1/10 + CM exp
(︁
−(log 2)(logM)2

)︁
,

with the trivial bound used if x+ ϵM > 1. Complementing every cycle label
preserves the joint law and replaces VM by 1 − VM , so the same argument
proves the upper-tail bound.

Lemma 39. Fix c− ∈ (0, 1/4). Assume that the reference configuration is
the initial state X0 = x0, so that K0 = N0(1 − N0/n), and that K0 ≥ c−n.
Uniformly over such reference configurations,

mn−1∑︂
j=0

log |Zj − Z ′
j| = oP(an).

Proof. The lower bound on K0 keeps N0/n in a fixed compact subinterval of
(0, 1), so H0 holds for large n. For each j < mn, let

Mj := max{Nj, n−Nj} ≥ n/2.
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Conditional on Fj, the selected fraction from this macroscopic level set has
law VMj

. If Hj+1 fails, then either VMj
< 2/

√
n or VMj

> 1 − 2/
√
n. Thus

Lemma 38 gives, uniformly for j < mn,

P(Hc
j+1 | Fj) ≤ Cn−1/20 + o(n−1/20).

Consequently, a union bound yields

P

(︄
mn⋃︂
j=0

Hc
j

)︄
= o(1).

Fix ε > 0, and set
δn := exp (−εan/mn) .

On Hj, Lemma 24 gives, uniformly for 0 ≤ j < mn,

P
(︁
|Zj − Z ′

j| < δn,Hj

)︁
≤ C

(︃
δn +

4 log4 n√
n

)︃1/20

+ Cn exp

(︃
− log 2

4
(log n)2

)︃
= o(m−1

n ).

After another union bound, with probability 1− o(1), all mn factors satisfy
|Zj − Z ′

j| ≥ δn. Since their moduli are at most one,

0 ≥
mn−1∑︂
j=0

log |Zj − Z ′
j| ≥ −εan.

Since ε > 0 is arbitrary, the claim follows.

Lemma 40. Fix 0 < c− < 1/4 and w > 0. For every u ∈ R and every
deterministic sequence un → u,

sup
x0∈Xn:K0(x0)≥c−n

|Px0 (ˆ︁τw > ⌊tn + unan⌋)− P(G > u)| −→ 0,

where G ∼ N(0, 1).

Proof. Since (un) is bounded, choose C > 0 so that, for all large n,

⌊tn + unan⌋ ≤ C log n.
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By Lemma 27,

max
mn≤s≤C logn

⃓⃓⃓⃓
⃓

s−1∑︂
j=mn

log |Zj − Z ′
j| −

s−1∑︂
j=mn

log |Rj −R′
j|

⃓⃓⃓⃓
⃓ = oP(1),

uniformly over the reference configurations in the statement. Set

t = ⌊tn + unan⌋,

and define ˆ︁Σt :=
t−1∑︂
j=0

log |Zj − Z ′
j|, Σt :=

t−1∑︂
j=0

Yj.

Since mn = o(an) and mnσ
2 = o(a2n), Chebyshev’s inequality gives

mn−1∑︂
j=0

Yj = oP(an).

Together with Lemma 39 and the forward comparison, this yields

ˆ︁Σt = Σt + oP(an)

uniformly. Since σ
√
t ∼ λan, Slutsky’s theorem gives

ˆ︁Σt − µt

σ
√
t

=⇒ G.

Finally, |Γs| is nonincreasing, so, for all large n, {ˆ︁τw > t} is the event

ˆ︁Σt > − log
|K0|
w
√
n
.

Since K0 = N0(1 − N0/n) ≤ n/4, the normalized threshold tends to u,
uniformly in x0, by the calculation in Lemma 37 with c+ = 1/4. This proves
the stated uniform convergence.

Thus |Γt| enters the
√
n-scale window at time tn +O(an), with Gaussian

fluctuations.
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6 The Final Coupling Step

We now complete the upper-bound coupling argument. Fix the reference con-
figuration x0, and hence the value N0. We couple two copies of the projected
chain, (Mt, St) and (M ′

t , S
′
t), associated with this same reference configura-

tion. Lemma 8 shows that this projected chain captures exactly the mixing
behavior of Xt.

Definition 41. Let Kt be the centered overlap from Definition 9 and Γt the
drift product in (1). Set

hn := ⌈log log log n⌉, ℓn := ⌊(log log n)2⌋.

For w > 0, let

Ks(w) := {|Ks| ≤ 2w
√
n}, Rs(w) := {|Γs| ≤ w

√
n},

and suppress w when it is fixed. Finally, set

Mn := {Ns = N ′
s for every s ≥ hn}.

Both hn and ℓn are o(an), and all block endpoints below are integer times.
Lemma 40 shows that at times of order tn, |Γt| reaches the

√
n-scale.

Since |Zj − Z ′
j| ≤ 1, the event Rt persists at all later times. Over the

following block, we show that Ks holds for a positive fraction of times. At
simultaneous bulk times for the two copies, their one-step laws come from
nearby hypergeometric laws and can be maximally coupled with a uniformly
positive success probability. Repeated attempts then give a geometric failure
bound.

By Lemma 5, after hn preliminary steps the two magnetization chains can
be coupled with failure probability P(Mc

n) = O(e−cmaghn) = o(1). Once they
agree, common cycle lengths and labels keep the magnetizations equal. Thus,
under this construction, Mn = {Nhn = N ′

hn
}, an event known at time hn. On

Mn, we use common cycle-length and label data and couple the remaining
randomness arbitrarily except at the designated maximal-coupling attempts.
After the projected chains meet, we use identical randomness; this preserves
both marginals. On Mc

n, complete the joint construction in any marginally
correct way. Its probability is absorbed into subsequent o(1) terms.
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Proposition 42. Fix c ∈ (0, log 2), and let r be an integer satisfying

2mn + 1 ≤ r and r + ℓn ≤ (log n)2.

There exist constants v0 = v0(c) > 0 and L0 = L0(c) > 0 such that, for every
v ≥ v0 and every w ≥ L0v,

P

(︄
Rr ∩

{︄
r+ℓn∑︂
s=r

1Is−1,v(c)∩Ks <
19ℓn
30

}︄)︄
= o(1).

The o(1) is uniform over the initial state and all admissible r, v, w.

Proof. Choose v0 ≥ 1 large enough so that Corollary 33 applies. By that
corollary, applied to the shifted block [r − 1, r + ℓn − 1], with probability
1− o(1),

r+ℓn∑︂
s=r

1Is−1,v(c) ≥
4

5
ℓn.

Let

Badr :=
r+ℓn∑︂
s=r

1Is−1,v(c)∩Rs∩Kc
s
.

By Lemma 35, on Is−1,v(c) ∩Rs,

Ks = K0B0,s+
s∑︂

j=1

AjBj,s, |K0B0,s| = |Γs| ≤ w
√
n and |Bj,s| ≤ ecve−c(s−j).

Since
∑︁s

j=1 e
−c(s−j)/2 ≤ (1− e−c/2)−1, failure of Ks implies, for some j ≤ s,

|Aj| ≥ α
w

v
ec(s−j)/2

√
n, α := e−c(1− e−c/2).

Consequently,

Charge
(r)
j :=

r+ℓn−j∑︂
q=max{0,r−j}

1{|Aj |≥α(w/v)ecq/2
√
n} satisfies Badr ≤

r+ℓn∑︂
j=1

Charge
(r)
j .

By Corollary 12, there are constants C0, c0 > 0 such that, uniformly in
the past,

P
(︁
|Aj| ≥ α(w/v)ecq/2

√
n
⃓⃓
Gj−1

)︁
≤ C0 exp{−c0(w/v)

2ecq}.
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Writing qj := max{0, r − j}, the event {Charge(r)j ≥ m} forces the threshold
event with q = qj + m − 1. Summing the preceding bound and using the
tail-sum formula therefore gives

r+ℓn∑︂
j=1

E[Charge(r)j | Gj−1] ≤ C1ℓne
−c0(w/v)2 + C2,

r+ℓn∑︂
j=1

E[(Charge(r)j )2 | Gj−1] ≤ C3ℓne
−c0(w/v)2 + C4.

Here the j ≥ r terms give the multiples of ℓn, while the j < r terms form
summable tails.

Since Charge
(r)
j is Gj-measurable and (Gj) is the filtration identified in

Section 5, the partial sums of Charge
(r)
j −E[Charge(r)j | Gj−1] form a martingale.

Choose L0 ≥ 1 so that C1e
−c0L2

0 ≤ 1/24. For large n, the first moment bound
is at most ℓn/12; the second and Chebyshev’s inequality then give

P
(︃
Badr >

ℓn
6

)︃
≤ P

(︄
r+ℓn∑︂
j=1

Charge
(r)
j >

ℓn
6

)︄
= o(1).

On Rr, all later Rs occur. Outside the two exceptional events above,

r+ℓn∑︂
s=r

1Is−1,v(c)∩Ks ≥
4

5
ℓn −

1

6
ℓn =

19

30
ℓn,

which proves the proposition.

From now on, fix constants v ≥ v0 and w ≥ L0v, where v0, L0 are from
Proposition 42, independently of n.

Definition 43. Set

K ′
s := M ′

s −
N ′

sN0

n
.

Let Qs+1 and Λs+1 be the selected totals from its 1- and 0-level sets, and set

Zs :=
Qs+1

N ′
s

, Z
′
s :=

Λs+1

n−N ′
s

,
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with the same boundary conventions as for Zs, Z
′
s. Define

Γt := K ′
0

t−1∏︂
j=0

(Zj − Z
′
j).

K′
s := {|K ′

s| ≤ 2w
√
n}, Rs := {|Γs| ≤ w

√
n},

and let Is,v(c) be the event obtained from Is,v(c) by replacing Zj, Z
′
j with

Zj, Z
′
j. Call s a simultaneous good time if Is−1,v(c) ∩ Ks and Is−1,v(c) ∩ K′

s

both occur.

Lemma 44. Let r be an integer satisfying

2mn + 1 ≤ r and r + ℓn ≤ (log n)2.

Then

P

(︄
Rr ∩Rr ∩

{︄
r+ℓn∑︂
s=r

1{s is a simultaneous good time} <
ℓn
4

}︄)︄
= o(1).

The o(1) is uniform over the two initial states and all admissible r.

Proof. By Proposition 42, applied to each copy, outside an event of proba-
bility o(1) each has at least 19ℓn/30 good times on its respective entrance
event. On Rr ∩Rr, their intersection therefore has size at least

19ℓn
30

+
19ℓn
30

− (ℓn + 1) =
4ℓn
15

− 1.

This is at least ℓn/4 for large n.

List the first copy’s cycles in an auxiliary random order independent of
their coordinate supports, and let

Ccom
s := σ

(︁
(|Cj|, ζj)j≤k, (|C ′

j|, ζ ′j)j≤ℓ

)︁
.

This reveals its labeled cycle lengths, but not their supports, and makes
Qs+1,Λs+1 measurable. Whenever Ns = N ′

s, the two copies have identically
distributed ordered cycle-length vectors, so use the same lengths and labels
for the second copy. In particular, Qs+1 = Qs+1 and Λs+1 = Λs+1. When the
magnetizations differ, sample the second copy’s data separately.
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Definition 45. A simultaneous good time s is η-usable if Ns = N ′
s and

ηn ≤ Ns ≤ (1− η)n,
Qs+1

Ns

,
Λs+1

n−Ns

∈ [η, 1− η].

Set

U (η)
r,ℓn

:=

{︄
r+ℓn∑︂
s=r

1{s is η-usable simultaneous good} ≥
ℓn
12

}︄
.

Lemma 46. There exists η0 ∈ (0, 1/4) such that, for every 0 < η ≤ η0, the
following holds. Let r be an integer satisfying

2mn + 1 ≤ r and r + ℓn ≤ (log n)2.

Then
P
(︁
Rr ∩Rr ∩ (U (η)

r,ℓn
)c
)︁
= o(1).

For each fixed η, the o(1) is uniform over the two initial states and all ad-
missible r.

Proof. Since P(Mc
n) = o(1), it suffices to control discards on Mn. First,

without conditioning on Mn, let

Bdη := {0, . . . , ⌊ηn⌋} ∪ {n− ⌊ηn⌋, . . . , n}.

For r ≤ s ≤ t ≤ r + ℓn, the Markov property and Lemma 5 give

|Cov(1Bdη(Ns),1Bdη(Nt))| ≤ Ce−cmag(t−s).

Indeed, the transition law from any state is within e−cmag(t−s) of stationarity
after t−s steps. The sum below therefore has variance O(ℓn). Its normalized
mean is at most Cη + o(1), because the stationary magnetization is uniform
and r → ∞. Hence

1

ℓn

r+ℓn∑︂
s=r

1{Ns∈Bdη} ≤ Cη + oP(1).

Let

Ps := σ
(︁
((Mj, Sj), (M

′
j, S

′
j))j≤s, (Qj+1,Λj+1, Qj+1,Λj+1)0≤j<s

)︁
.
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For large n, hn < r, so Mn and simultaneous goodness are Ps-measurable.
On Mn, conditional on Ps, the fresh totals are selected fractions from level
sets of sizes Ns and n−Ns. Lemmas 23 and 15, together with the symmetry

R
d
= 1−R, therefore give ρ(η) := Cη1/10 such that, uniformly when Ns /∈ Bdη,

P
(︃
Qs+1

Ns

/∈ [η, 1− η] or
Λs+1

n−Ns

/∈ [η, 1− η]

⃓⃓⃓⃓
Ps

)︃
≤ ρ(η) + o(1).

Hence, for
Discs := 1Mn1{s is simultaneous good but not η-usable},

E[Discs | Ps] ≤ 1{Ns∈Bdη} + (ρ(η) + o(1))1{s is simultaneous good}.

The variable Discs is Ps+1-measurable, so its centered values are bounded
martingale differences. Combining their oP(1) average with the boundary
estimate gives

1Mn

ℓn

r+ℓn∑︂
s=r

1{s is simultaneous good but not η-usable} ≤ Cη + ρ(η) + oP(1).

Choose η0 < 1/4 so small that Cη+ ρ(η) < 1/24 for every 0 < η ≤ η0. With
probability 1 − o(1), at most ℓn/12 simultaneous good times are discarded
on Mn. On Rr ∩ Rr, Lemma 44 supplies at least ℓn/4 simultaneous good

times, so U (η)
r,ℓn

holds.

The hypergeometric estimate used at each coupling attempt is proved in
Appendix A.

Lemma 47. Fix A ≥ 0 and η ∈ (0, 1/2). There exists a constant δhyp =
δhyp(A, η) < 1 such that the following holds for all sufficiently large n. Sup-
pose

N ∈ [ηn, n],
m

N
,
m′

N
,
r

N
∈ [η, 1− η],

and
|m−m′| ≤ A

√
n.

Then
∥Hyp(N,m, r)− Hyp(N,m′, r)∥TV ≤ δhyp.

The same conclusion holds for products of two hypergeometric laws whenever
both factors satisfy these bulk assumptions, after possibly increasing δhyp, but
still with δhyp < 1.
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Lemma 48. Fix η ∈ (0, 1/4) and assume N0/n ∈ [2η, 1 − 2η]. There is
δhyp = δhyp(4w, η) < 1 such that, whenever t is η-usable,⃦⃦
L
(︁
(Mt+1, St+1) | Mt, St, Ccom

t

)︁
− L

(︁
(M ′

t+1, S
′
t+1) | M ′

t , S
′
t, Ccom

t

)︁⃦⃦
TV

≤ δhyp.

Thus, conditional on the current projected states and Ccom
t , a maximal cou-

pling succeeds with probability at least 1− δhyp.

Proof. At a simultaneous good time, |Kt|, |K ′
t| ≤ 2w

√
n. Since Nt = N ′

t ,

|Mt −M ′
t| = |Kt −K ′

t| ≤ 4w
√
n,

and the same bound holds for |(N0 − Mt) − (N0 − M ′
t)|. Usability gives

Nt, n−Nt ≥ ηn and
Qt+1

Nt

,
Λt+1

n−Nt

∈ [η, 1− η].

Moreover,

Mt

Nt

=
N0

n
+

Kt

Nt

,
N0 −Mt

n−Nt

=
N0

n
− Kt

n−Nt

,

and likewise for the primed copy. Since N0/n ∈ [2η, 1− 2η], all four success
proportions belong to [η, 1 − η] for sufficiently large n. Thus both pairs of
hypergeometric factors satisfy Lemma 47 with A = 4w.

By the hypergeometric decomposition in Subsection 3.3, conditional on
Ccom
t and the current projected state, Mt+1 = M

(1)
t+1 +M

(0)
t+1, where indepen-

dently

M
(1)
t+1 ∼ Hyp(Nt,Mt, Qt+1) and M

(0)
t+1 ∼ Hyp(n−Nt, N0 −Mt,Λt+1).

This follows from Lemma 10: conditional on the ordered block sizes and
labels, their supports are uniform ordered partitions, so the union of the
1-labeled blocks is a uniform subset of the prescribed size. Also Nt+1 =
Qt+1 + Λt+1 and St+1 = Mt+1 + n − N0 − Nt+1, so the projected state is
a deterministic function of the pair. The product estimate in Lemma 47
and contraction of total variation under a deterministic map give the bound
δhyp < 1.
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Proposition 49. Under the assumptions of Lemma 48, suppose maximal
couplings are attempted at every η-usable simultaneous good time in [r, r+ℓn].
Then, for every integer q ≥ 1,

P

⎛⎜⎝(Mr+ℓn+1, Sr+ℓn+1) ̸= (M ′
r+ℓn+1, S

′
r+ℓn+1),

r+ℓn∑︂
s=r

1{s is η-usable simultaneous good} ≥ q

⎞⎟⎠ ≤ δqhyp.

Proof. Let ri be the time of the i-th coupling attempt, with ri = ∞ if fewer
than i attempts occur. Usability is decided from the current states and Ccom

ri
,

before the cycle supports are sampled. Thus, on {ri ≤ r + ℓn}, provided
the chains are not yet coupled, Lemma 48 bounds the conditional failure
probability at ri by δhyp. After a success, run the chains together. Induction
shows that the probability of failing the first q attempts while rq ≤ r + ℓn is
at most δqhyp. The event in the display is contained in this event, proving the
claim.

Proposition 50. Let r be an integer satisfying

2mn + 1 ≤ r and r + ℓn ≤ (log n)2.

Let η0 be the constant from Lemma 46. Fix 0 < η ≤ η0, and assume the
bulk condition N0/n ∈ [2η, 1 − 2η]. Under the coupling constructed above,
uniformly over reference configurations satisfying this bulk condition,

P
(︁
Rr ∩Rr ∩

{︁
(Mr+ℓn+1, Sr+ℓn+1) ̸= (M ′

r+ℓn+1, S
′
r+ℓn+1)

}︁)︁
= o(1).

Proof. By Lemma 46, on Rr ∩Rr, the event U (η)
r,ℓn

fails with probability o(1).

On U (η)
r,ℓn

, Proposition 49 with q = ⌊ℓn/12⌋ bounds the failure probability by

δ
⌊ℓn/12⌋
hyp = o(1), because δhyp(4w, η) < 1 is fixed.

7 The Limit Profile

This section combines the Gaussian entrance-time asymptotic for |Γt| with
the final coupling. Before entrance, the centered overlap distinguishes the
chain from stationarity; after entrance, the coupling from Section 6 gives the
matching upper bound.

39



Lemma 51. For every u ∈ R and every deterministic sequence un → u,

lim inf
n→∞

dn
(︁
⌊tn + unan⌋

)︁
≥ P(G > u).

Proof. Start from a deterministic configuration x0 with N0 = ⌊n/2⌋, so K0 =
Θ(n), and set

t = ⌊tn + unan⌋.

Fix v,W ≥ 1. On It−1,v(c), the decomposition in Lemma 35 and the product-
barrier bound give |Bj,t| ≤ ecve−c(t−j). Arguing as in Proposition 42 and
using Corollary 12,

P
(︃
|Kt − Γt| >

W

2

√
n, It−1,v(c)

)︃
≤ ε(W/v),

where ε(a) → 0 as a → ∞, uniformly in n. Indeed, the event on the left forces
|Aj| ≥ c1(W/v)ec(t−j)/2

√
n for some j, and the resulting tail probabilities are

summable in t− j. Since ˆ︁τW > t implies |Γt| > W
√
n,

Px0

(︃
|Kt| >

W

2

√
n

)︃
≥ P(ˆ︁τW > t)− P(It−1,v(c)

c)− ε(W/v).

Under stationarity, conditional on the magnetization, M is hypergeometric
with mean NN0/n and variance O(n). Hence

πn

(︃
|K| > W

2

√
n

)︃
≤ C

W 2
.

Testing total variation with this event and applying Lemma 40 gives

lim inf
n→∞

dn(t) ≥ P(G > u)− lim sup
n→∞

P(It−1,v(c)
c)− ε(W/v)− C

W 2
.

By Lemmas 29 and 31, the limsup involving It−1,v(c)
c tends to zero as v → ∞.

After taking n → ∞, let v → ∞ and choose W = W (v) so that W/v → ∞.
All three error terms then vanish, proving the lemma.

Lemma 52. For every u ∈ R and every deterministic sequence un → u,

lim sup
n→∞

dn
(︁
⌊tn + unan⌋

)︁
≤ P(G > u).
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Proof. Fix ε > 0. Choose v ≥ v0, and choose w ≥ L0v, as in Section 6. Let
η0 > 0 be the constant from Lemma 46. Choose 0 < η ≤ min{η0, 1/8} small
enough that 4η ≤ ε/2. Let

Tn := ⌊tn + unan⌋.

By Corollary 7, applied with bulk parameter 2η and error ε/2, let r∗ :=
r2η,ε/2 = Oη,ε(1). From every starting state, with probability at least 1 − ε,
Xr∗ belongs to

Bulkn,η := {y ∈ Xn : 2ηn ≤ |y| ≤ (1− 2η)n}.

Indeed, Corollary 7 gives probability at least 1 − 4η − ε/2 ≥ 1 − ε. The
Markov property and convexity of total variation therefore give

dn(Tn) ≤ ε+ sup
y∈Bulkn,η

dyn(Tn − r∗).

Set
sn := Tn − r∗, rn := sn − ℓn − 1.

Both are tn + (u + o(1))an, and [rn, rn + ℓn] satisfies the range assumptions
of Proposition 50. Fix y ∈ Bulkn,η, use y as the reference configuration, and
couple the chain from y to a stationary copy as in Section 6. On {ˆ︁τw ≤ rn},
monotonicity gives Rrn . For the stationary copy, |Γrn| ≤ |K ′

0|, and the
conditional hypergeometric variance bound gives

P(Rc

rn) ≤
C

w2
.

Lemma 8, the coupling inequality, and Proposition 50 therefore yield, uni-
formly in y ∈ Bulkn,η,

dyn(sn) ≤ Py(ˆ︁τw > rn) +
C

w2
+ o(1).

For such y, writing p = |y|/n,

2η(1− 2η)n ≤ K0 = np(1− p) ≤ n

4
.

The uniform form of Lemma 40, applied at rn = tn+(u+ o(1))an, now gives

lim sup
n→∞

dn(Tn) ≤ P(G > u) +
C

w2
+ ε.
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Finally let w → ∞, keeping v fixed and w ≥ L0v, and then let ε ↓ 0. This
gives

lim sup
n→∞

dn
(︁
⌊tn + unan⌋

)︁
≤ P(G > u).

Since P(G > u) = 1− Φ(u), the two lemmas give the stated profile. Let-
ting u → −∞ and u → ∞ gives cutoff with window an = o(tn), completing
the proof of Theorem 2.

A A hypergeometric total variation estimate

This appendix proves the hypergeometric overlap estimate used in the final
coupling. A uniform local normal approximation gives a common interval
on which the two laws have probabilities of order n−1/2, yielding a positive
overlap independent of n.

Proof of Lemma 47. Let

H ∼ Hyp(N,m, r), H ′ ∼ Hyp(N,m′, r),

with means µ = rm/N, µ′ = rm′/N and variances v, v′. The bulk assump-
tions give, for some κ = κ(η) > 0,

κn ≤ v, v′ ≤ κ−1n, |µ− µ′| ≤ A
√
n.

If L = max{0,m+ r −N} and U = min{m, r}, then

µ− L ≥ η2N, U − µ ≥ η2N,

and the same support bounds hold for H ′.
Let ϕµ,v denote the density of N(µ, v). The local normal expansion of

Lahiri–Chatterjee–Maiti [17, Lemma 3.1] uses

˜︁v =
N − 1

N
v ≍ n, ak,r =

k − µ˜︁v = O(n−1/2) when |k − µ| ≤ C
√
n.

Its explicit remainder is thereforeO(n−1/2), uniformly in the bulk parameters.
Exponentiating and replacing ˜︁v by v gives, for every fixed C,

sup
|k−µ|≤C

√
n

|P(H = k)− ϕµ,v(k)| = o(n−1/2),
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and analogously for H ′.
Set In = [µ, µ +

√
n]. The support bounds and |µ − µ′| ≤ A

√
n place

every integer in In in both supports for large n. On this interval,

|x− µ| ≤
√
n, |x− µ′| ≤ (A+ 1)

√
n,

so, for some c0 = c0(A, η) > 0,

ϕµ,v(x) ∧ ϕµ′,v′(x) ≥
c0√
n
.

The local approximation therefore gives

P(H = k) ∧ P(H ′ = k) ≥ c0
2
√
n

for every integer k ∈ In. Since In contains at least
√
n/2 integers,∑︂

k∈Z

min{P(H = k),P(H ′ = k)} ≥ β(A, η)

for some β(A, η) > 0. Hence

∥L(H)− L(H ′)∥TV ≤ 1− β(A, η) < 1.

This proves the single hypergeometric estimate, with δhyp = 1− β(A, η).
Finally,

1− ∥ρ1 ⊗ ρ2 − ρ′1 ⊗ ρ′2∥TV ≥
(︁
1− ∥ρ1 − ρ′1∥TV

)︁(︁
1− ∥ρ2 − ρ′2∥TV

)︁
.

Thus the product overlap is at least β(A, η)2, proving the product version
with δhyp = 1− β(A, η)2 < 1.
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